Introduction. To celebrate the centenary of Ramanujan's birth, in June,
1987, an international conference was held at The University of Illinois at UrbanaChampaign 1]. Numerous roads through varied scenery brought researchers from Ramanujan's papers, problems, letters, notebooks, and unpublished manuscripts to a panoply of areas of contemporary research, including partitions, mock thetafunctions, statistical mechanics, Lie algebras, probabilistic number theory, modular forms, elliptic functions, complex multiplication, hypergeometric series, q-series, asymptotic expansions, and beta integrals. Very few mathematicians have ever had
Typeset by A M S-T E X such a broad impact on mathematical research. Although many results presented at the conference could be understood and appreciated by mathematicians outside these areas of research, this was a conference for highbrows. Many of Ramanujan's beautiful discoveries, however, are easily understood, are elementary, and appeal to a wide variety of tastes. Thus, this paper is written for lowbrows. Only elementary algebra is needed to prove the lion's share of theorems reported here. Most are found in the unorganized portion of Ramanujan's second notebook, his third notebook, and problems that he posed for readers of the Journal of the Indian Mathematical Society. The results we describe fall under the headings of elementary algebra, equal sums of powers, and elementary number theory.
We begin our expedition in a taxi We turn from equal sums of third powers to equal sums of fourth powers and ask \Did Ramanujan ever read Mathematical Magazine?" No, we are not speaking of the journal, Mathematics Magazine, published by the MAA, with the rst issue appearing under a slightly di erent title in 1926, six years after Ramanujan's death. Some historical remarks will be made about Mathematical Magazine.
We next temporarily stop our journey to view what the authors consider to be one of the most captivating, enthralling nite identities in all of mathematics. Is this marvelous identity simply an accident on the road to sums of powers? Or are we at the base of the Himalayas | facing away from the mountains?
We next encounter three types of systems of equations. The rst system leads us to sequences that decrease for a while, then increase for a while, etc. We must have roamed to a college campus, for these sequences involve radicals, in nitely many of them. Like most radicals, these have interesting properties. The second system leads us to a visit with S. Ramanujam. No, that is not a misprint! Is he really Ramanujan, or is he someone else? Our third system was solved beautifully by Ramanujan in his third published paper, but he did not realize that J. J. Sylvester had solved this system in 1851, nor was Ramanujan aware of the implications of his work. We provide a sketch of Ramanujan's clever proof.
Proceeding from a sketch to a complete landscape, we provide proofs of some interesting properties of roots of cubic polynomials that Ramanujan discovered. As applications, we o er two curious trigonometric identities.
For our last proof, we establish sharp bounds for a sum giving the largest power of a prime dividing n!. We conclude our paper with some approximations to :
Several references will be made to Ramanujan's notebooks 26], published in two volumes. The second volume contains the second and third notebooks, and all page numbers in this paper refer to the pagination in this volume.
2. Sums of powers. Many readers are familiar with the famous taxi{cab story immortalized by Hardy 27, p. xxxv]. \I remember once going to see him when he was lying ill at Putney. I had ridden in taxi{cab no. 1729, and remarked that the number seemed to me rather a dull one, and that I hoped it was not an unfavourable omen.`No,' he replied,`it is a very interesting number; it is the smallest number expressible as a sum of two cubes in two di erent ways.'" (It is clear that the author of the opening passage about a handcart with 1729 imprinted on its side was acquainted with this delightful incident in the life of Ramanujan and Hardy. A handcartwalla is a person who pulls a two{wheeled handcart, normally carrying one or two people, and is no longer a common sight in present day India. The su x \walla" comes from Hindi.) In fact, Ramanujan As an example, we recover the two pairs of aforementioned taxi{cab cubes by putting ( ; ; ; ) = (3; 0; 1; 3) in (2.2).
Although several formulations equivalent to Euler's general solution have been discovered, Ramanujan's formulation (2.2) appears to be the simplest of all. The problem of completely characterizing all positive integral solutions of (2.1) is unsolved.
On the other hand, Euler conjectured that there were no positive integral solutions to Since in India Ramanujan did not have access to even the primary mathematical journals of his day, it is extremely unlikely that he could have seen the obscure journal, Mathematical Magazine, in which Martin and Haldeman published their results. Thus, the notation in (2.3) and (2.4) being identical with that of Haldeman and Martin, respectively, must be coincidental.
Mathematical Magazine was founded and edited by Martin and was devoted to \elementary mathematics." Issues of the rst volume were published quarterly in 1882-1884 at a cost of 50 cents per issue or one dollar per year. The second and last volume of 12 issues was published over the years 1890-1904, with the last four issues appearing in January, 1895; January, 1896; December, 1898; and January, 1904. The last issue contains four papers, three by Martin and one by Haldeman. In the penultimate issue, under the heading \Editorial Items," we learn that \Since No. 10 of the Magazine was published, three able contributors havè crossed over' and`passed beyond the con nes of earth.'" It is likely that an even greater number \crossed over" between the 11th and 12th issues. Possibly due to complaints registered by readers disgruntled over the irregularity at which issues appeared, the price per issue had dropped to 30 cents.
Toward the end of the third notebook 26, p. 386], Ramanujan records one of the most fascinating identities we have ever seen.
Theorem. Let The hypothesis ad = bc was omitted by Ramanujan, although it does appear as a hypothesis for some related results on the previous page.
We rst transcribe (2.5) into a somewhat more transparent form. We rst employed the computer algebra system Mathematica to verify (2.7). Next, using Mathematica, we attempted to nd other identities like (2.7) involving f 2m (x; y) for m 10, but we were unsuccessful. We fortunately found a much more informative proof of (2.7) that is not merely a veri cation via computer algebra 6]. We will not repeat that proof here but instead o er a few additional remarks.
By inspection, we easily see that x = 0, 1, ?1, ?2, ?1=2 are zeros of f 2m (x; y). By symmetry, y = 0, 1, ?1, ?2, ?1=2 are also zeros. Since f 2m has degree (at most) 2m in each of the variables x and y, it follows that f 2 (x; y) 0 f 4 (x; y). In our original notation, we have therefore proved that, if ad = bc, then Are (2.5) and (2.7) merely accidents, or are they a manifestation of some far deeper theorem? 3. Elementary Algebra. In courses and texts on beginning calculus, students encounter many monotonic sequences in their study of sequences and series. An inquisitive student may ask for naturally occurring examples of sequences that increase for a while, then decrease for a while, etc. As we shall see, some in nite sequences of nested radicals of Ramanujan provide excellent examples.
In Each square root should be considered two-valued, and so we are led to eight in nite sequences of nested radicals corresponding to the eight roots of our octic polynomial.
First, we should determine those values of a for which the in nite radical in (3.2) converges. This is not an easy problem, but each of the eight sequences in (3.2) converges at least for a 2 5, and a 6n+4 < a 6n+5 < a 6n+6 < a 6n+7 ;
for each nonnegative integer n. Furthermore, 0 < a 4 < a 10 < < a 6n+4 < a 6n+7 < a 6n+1 < < a 7 < a 1 = p a: Thus, fa 6n+1 g and fa 6n+4 g converge. Next, it must be shown that fa 3n+1 g converges and, lastly, that fa n g converges. The details in this analysis are not easy 5,
Chapter 22].
If we solve the two cubic equations mentioned above, it is not easy, in general, to identify the roots with the appropriate in nite sequences of radicals. For example, We mention one further system of equations studied by Ramanujan. On page 338 of his second notebook, Ramanujan asks, in slightly di erent notation, for the solutions of the system of 2n equations, Clearing the denominator in (3.6) and using the aforementioned power series for '( ), we can determine rst the coe cients B j , 1 j n, and secondly the coe cients A j , 1 j n, in terms of a 1 ; a 2 ; : : :; a 2n by equating coe cients of like powers of . Having explicitly determined A j and B j ; 1 j n; we substitute these values into (3.6) and once again expand '( ) into partial fractions. Comparing the result with (3.5), we determine x j and y j ; 1 j n:
It is easy to see that the system (3.4) is equivalent to the single equation Expanding both sides, collecting terms, and simplifying, we deduce (3.10).
On 
